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Exanined is t h e  f i e l d  o f  a p o i n t  e m i t t e r  i n  a p i e c e w i s e  - 
un i fo rm waveguide w i t h  t h e  h e l p  of  approximate impedance-type 

boundary  c o n d i t i o n s .  A formula  is ob ta ined  f o r  a l a y o u t  c o n s i s t i n g  

o f  two ex tended  s e c t i o n s .  An e s t i m a t e  is made o f  t i le e i l e c t - _ o f  

g e o m e t r i c a l  i n h o m o g e n e i t i e s .  

Appr oxinat e B o u n d a x  Cons-i - - t i  ons 
-I___-- 

-4s is w e l l  known El], t h e  c l a s s i c a l  way f o r  an  e x a c t  s o l u -  

t i o n  o f  a boundary problem r e q u i r e s  a s i m u l t a n e o u s  c o n s i d e r a t i o n  

o f  f i e l d s  on b o t h  

s u b s e q u e n t  j o i n i n g  of t h e  i i e l d s  a t  t h a t  boundary. Zoc’ever, t h i s  

i s  n o t  t h e  o n l y  way of do ing  i t .  It i c  p o s s i b l e  t o  u t i l i z e  s u c h  

approx ima te  impedance-type boundary c o n d i t i o n s  c 2  -41, when t h e  

e x a c t  s o l u t i o n  r e s i d e s  i n  t h e  c o n s i d e r a t i o n  o f  t h e  f i e l d  nit : . in t h e  

bounded r e g i o n  of s p a c e .  The Green e q u a t i o n  i s  i n  t h a t  c a s e  t h e  n o s t  

a p g r o p r i a t e  d e v i c e .  

s i d e s  of  t h e  boundary o f  t h e  p a r t i t i o n ,  w i t h  a 

T h i s  Green e q u a t i o n  is an i n t e g r a l  e q u a t i o n  w r i t t e n  as 

f o l l o w s  : 

. . ./. . 



where yo i s  t h e  Zreen f u n c t i o n  ; S - t 5 e  s u r f a c e  o f  t h e  d i v i s i o n  

n - t h e  normal t o  i ts  boundary ; e is t h e  s c a l a r  p o t e n t i a l .  o r  one 

o f  t h e  coi.qJonelits o f  t h e  Hertz v e c t o r .  Considered are below o n l y  

a x i a l l y - s y m m e t r i c  problems i n  1 k i c h  one coliponent o f  t h e  Herz v e c t o r  

i s  s u f - i c i e n t .  '2or;ether w i t '  t ha t ,  may be i n  c e r t a i n  c a s e s  one o f  

t h e  f i e l d ' s  c o r p o n e n t s .  : let  us m i t e  t h e  an_ isoxii.?ate hour,<ary condi -  

t i 2 n  i n  t h e  €orm : 

where ki and k2 - a r e  t h e  wave numbers a t  L i I - c r e n ' i  s i d e s  o f  t i l e  

d i v i c i o n ' s  boundary ; .5\ is t h e  mzle o f  s l i d e  01 

The boundary c o n d i t i o n  (2) is  e x a c t  f o r  a ? l a n e  -cave and ap3roximate  

for t h e  a r h i t r a r y - t y ? e  rave.  

;he i n c i d e n t  wave. 

Z a u a t i o n  (1) is v a l i d  o n l y  f o r  naves  t h a t  v a r y  i n  t h e  ne igh-  

bGrk>GGd of  The s o u r c e  as l/r. ~ T ~ U F ,  if + r e p r E k e n t s  t h e  f i e l d ,  it 

may o n l y  be e c u a l  t o  the i:.ave p a r t  oL t h e  t o t a l  f i e l d .  . n d  i f  the 

s o l u t i o n  is s o u z h t  f o r  i n  t h e  form o f  d o u r i e r  s:>ectrum, t h e  f i e l d ' s  

wave p p r t  xa7: o n l y  be found w i t h  t k e  a i d  o f  eq7 :a t ions  (1) and ( 2 ) .  

But i t  i G  ;;.elL h o i m  t h a t  a p r e c i s e  d e s c r i 2 t i o n  o l  tl.e f i e l d  i s  

p o s s i d e  o n l y  n i t 1  t h e  h e l p  of t h e  12otent i .d  and t h a t  i n  c a s e  o f  

v e c t o r i a l  f i e l d s  t h e  c o n d i t i o n  ( 2 )  d e t e r l i n e s  o n l y  t h e  normal c o ~ p o -  

n e n t  01 t h e  f i e l d  t o  t h e  d i v i s i o n ' s  bounc',ary, Consequent ly ,  t n e  

apj,Jroa.ch used  here  i s  p o s s i b l e ,  i f  the p o t e n i i d ,  f u l l y  d e t e r m i n i n y  

t h e  f i e l a ,  h a s  one normal C O I  o n e n t ,  i. e ,  the  vector-potenti ,-3.  

i m E t  have t b e  form II, zqnin + Oi,,  ~ . : - ~ e ~ ' e  in and i, are t h e  n o r n a l  s a d  

t h e  t a i i y i n t i d  C -  L, . _'he f i e l d  U is l i n k e d  w i t l i  t k e  v e c t o r -  

p o t e n t i a l  by t h e  f o r n u l a  

L e  

u & - k%p+ grad div 9. .-' (3) 



Cbviour-ly,  t h e  f i r s t  coxponent r e p r - s e n t s  i n  t h i s  for i saa  

t h e  wave part of t h e  f i e l d .  T h e r e f o r e ,  fortl lulas (1) ani ( 2 )  a31ov~ 

t h e  f i n d i n g  o f  tiie e x a c t  s o l u t i o n  i n  t h e  bounded r e s i o n  e i t h e r  for 
9 o r  (which is t h e  same) f o r  t h e  1, zve p a t  of t i le  f i e l d .  

-3 an example o €  t h e  o b t e n t i o n  o l  s u c h  a s o l u t i o n  w i t h  t h e  

h e l p  o f  fornulziz (1) and (2), l e t  us c o n s i d e r  t h e  me11 lino;;n problen 

o f  t i ie  d i p o l e  i i c l d  i n  a p l a n e  naveguide,  Forr:ulas (1) 2nd ( 2 )  

per;.it t h e  e a s y  p a s s i n g  from t h e  s o l u k i o n  i n  c a s e  o f  i dea l ly -conduc-  

t i n s  -.ialls ( o( = 0)  t o  t h e  case y:hen one o f  t k e  r - d l s  i s  endovied 

w i t h  a f i n i t e  c o n d u c t i v i t y  ( a# 0 >. 
s e e k  a s o l u t i o n  i n  t h e  form o f  two-diisensional F o u r i e r  i n t e , r a l s .  

Eut  i t  t h e n  is e a s y  t o  p a s s  froni t h e  e q u a t i o n  (1) t o  t h e  e q u a t i o n  

for t h e  s p e c t r a  S [YJ and 

conjui;ated by - o u r i e r  i n  r e g a r d  t o  f m c t i o n s  y a n d  yo.  "or t h e  

E p e c t r a ,  we s h i l l  o b t a i n  t h e  fo1lor ; ing e q u a t i o n  [ S I :  

t h i s ,  i t  i s  necee : - r ry  t o  

t h e  S[yd - f u n c t i o n s ,  two-dimens iona l ly  

For yG '.:e .c3 l d - 1  s e l e c t  3 f ie lG.  i n  i?. . dvecq:ide i n  VJ .obe 

v ~ d . 1 ~  Oi = 0, L e t  us assume t h a t  6( =oC1 on t3.e uvlJer  all o f  t h e  

1. nve,-;.uid.e, i, e .  t h z t  t h e  second coi:Tonent o f  t h e  r i ch t -hand  p a r t  

of fornLiLa ( 4 )  n u s t  be couynited 0.1 t h e  u g c r  r:all  o f  t h e  waveguide.  

_if t h e  s o u r c e  is d i s p o s e d  at t h e  o r i g i n  of c g l i n d r i c d .  c o o r d i n a t e s  

on  t h e  l o v e r  rKLl 01 t h e  waveguide,  SLYo] is eq:re-;ssed by t h e  

f 0 i-IL1U1 a 

where I3 i s  t h e  heir ; l l t  o f  t h e  mve;;uricle; b is  i k o c o s  8 ; 6 is t h e  

a n g l e  oi inc i< .ence .  It  is t h e n  a:2=:-o?riate t o  seeB  SLV'Jin t h e  f o r n  

where B is a f a c t o r  s u b j e c t  t o  d e t e r i ~ i n z t i o n .  



, 
? '  

I 
4. 

Such s s e c t r u m  s e l e c t i o n  i s  u i t e  n a t u r a l ,  f o r  i t  a s s u r e s  

t h e  c o n v e r s i o n  .to z e r o  of  t h e  normal d e r i v a t i v e  \y at  t h e  l o v e r  

boundary  and c o n s t i t u t e s  a n a t u r c l  g e n e r a l i z a t i o n  of iorzula  ( k ) .  
The s u b s t i t u t i o n  o f  f o r i . , u l S  ( 2 )  a n d  (5 )  i n t o  t i le  e c u a t i o n  (4)) 
v:.ich t c k e s  t h e  €ern 

a l l o m  t o  cleteriaine the coc L i c i e n t  B. A s  t h i r  '.vas t o  be e-.;pccted. 

B is e q u a l  t o  khc F r e s n e l  r e f l e c t i o n  o e - i i c i e n t  from t h e  up,]cr 

boundary,  t d c e n  w i t h  t h e  minus s i p .  One may a n a l o g o u s l y  pass t o  

v e s u i d e  a t  vThose lo i -der  boundary * o( # 0. 
Consiclered below is  a :.raveguide i c h  is non-honoyenous i n  

t h e  h o r i z o n t a l  d l r e c t i o n .  I n  t h e  p b r t i c u l a r  c a s e  o f  a p iecevs i se -  

uiiiforrn ---aveguide , t h e  a;>, roxii;late s o l u t i o n  far o f f  t h e  b o u n d a r i e s  

o f  u n i f o r m  poL- t ions ,  is s e a r c h e d  € o r  nit i :  t h e  h e l p  o f  t h e  equa- 

t i o n s  (1) a i d .  (2). The Green e y u c t i o n  i s  r c s o l v e d  by t l i e  i t e r a t i o n  

met506 [SI. It s h o u l d  be n o t e d ,  t h a t  i t  : o u l d  have been  more sequen-  

5i.1 xtilize t ? e  hxn!!?ry co::ditions i n  tlre ^o (I), 50 1; E t  

tLe L--- LI ' t i l b i t i on  - - -  t o  the z;pi-m:iI:atz r e p * e s e n t a t l o n  4 e - i(kl b z )  
b e  n a t e r i d i z e d  i r ,  the o b t a i n e d  i t e r a t i o n  s o l - u i i o n .  "uch method 

V j 0 d . d .  a l l o i i ,  a t  l e a s t  i n  i ) r i n c i p l e ,  t o  e s t i m a t e  t h e  e r r o r  resf i t in: ;  

Iron t h e  ap;iroxim, t e  r e p r e s e n t a d i o n  o f  N .  

Piecenise-Uniform ' a v e z u i d e  - 
L e t  be t3:o p l m e - p a r d l e l  bolmd-eries with E d i z t a n c e  h 

between tlim. The r e f l - c t i i o n  c o e f f i c i e n t  f ro t i  t h e  u;? e r  y l a n e  is 

e q u d  t o  E ( v )  , d e r e  V - is  t h e  angle 0-7 s l i d e  c o s i n e .  'oundary 

c o n i i t i o n s  (2) a r e  f u l f i l l e d  on t h e  13 e r  boundary ,  L O  t ; - r ; t  

wi;ere rH - is t:,e nonuni,.'oi---ity 1Lit a::, D i s  t h e  d i s t a n c e  t o  

t l i e  poinJG o f  o b s e i  r a t i o n .  



t 
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c..., 5. 

I n  o r d e r  t o  f i n d  ly , l e t  u s  u t i l i z e  t h e  Creen  e q u a t i o n  (1). 

The t o t a l  i n t e g r a t i o n  s u r f a c e  S conai ; ts  of SI and S (reL2cct-i- 

v e l y  ug-:er and lovier b o u n d a r i e s ) ;  S c o n s i s t s  i n  i ts  t u r n  o f  SZ1 

and SZ2 (first  anci second uni form E e c t i o n s ) .  For yo i t  i s  a?-&:ro- 

p r i a t e  t o  s e l e c t  a unii 'orm s o l u t i o n  i n  t h e  second s e c t i o n  vy2. 
::quation (1) t h e n  t a k e s  t h e  f o r m :  

2 

2 

I f  one assumes,  that T i t h i n  t h e  1 i L i i . t :  or" e s s e n t i a l  i n t e g r a -  

t i o n  r e  : ion,  q u a n t i t i e s  2nd v2 s a t i s f y  a:;i,roximetely t h e  bounda- 

r y  col ic l i t ions (21, tbc i n t - , - r c J  a long  S1 is z e r o .  Then, u t i l i z i n g  

t h e  l i n k ,  between Vy1 a i d  y;? , v a l i d  c i th  a p r e c i s i o n  t o  t h e  concii- 

t i o n  [L ) ,  

T h i s  e x p r e s s i o n  i s  a l s o  o b t a i n e d  1-5 i;h ap- 1;Ting c 3 n d t i o n  (;- ) 

t o  t h e  t o t c l  val'ues '\y and yo on t h e  u L g e r  xa l i .  Tor t h c t  i t  i s  

necesLclry t o  s u b s t r a c t  f o r n u l a  ( 3 )  f r o n  formula ( 7 ) .  1 n t e l ; r a t i o n  

liiust c l s o  be e f f e c t  ?.long S1 + S2 

as a i - e L u l t ,  an  e q u a t i o n  lor , i n  i k i c h  no  n - g l e c t  o f  any s o r t  

h a s  been  i2ade as y e t  : 

i n  ; O I L I U ~ ~  C.2). ;,e shall o b t a i n  



t 

If r:.e no:;. a,-Jly t k e  iteration r x k :  od i n  tile r i ;ht-hsnd 

p a r t ,  r e  s h a l l  o b t z i n  f o r m l z .  (91, s i n c e  t h e  i n t e i . ; r a l s  along SZ1 
and S 1  n i l 1  c o n v e r t  t o  z e r o .  J.'hus, t h e  f a c t  t h a t  t h e  t o t a l  c-uail-  

1 t i t i e s  v2 v1 s a t i s f y  a p p r o x i m a t e l y  t h e  c o n d i t i o n  ( 2 )  n e a r  t h e  
I 

L 

I u p - e r  boundary,  v r i l l  o n l y  tz:e e l f c c t  i n  t e r m  ,~:o?ortioiial t o  

(a1 - I 

I 
I e;:-,reIcion for 

j *  

L e t  u s  no;. br2nFforx f o r x - d c  ( y ) ,  u s i n g  t h e  fo1lov. ing 

where 2-j is L e  . r e ;ne l  i e i l L c i i o n  f z c t o r  i rors  the l o  e r  boundz:-y, 

which i n  c a s e  lkj/ko I> 1 (kj\  - Lein;; i h c  xc.ve nu1:'dc.r un t h e  s p a c e  2 < 0 
may coil.zicciqeG ec-ual t o  1 -(2k0/kjv).  ,_'he vdu: F is d e t e r -  
n i n e d  irom t h e  fo:-:.ula 



7 .  

Tak ing  advantage  of' t h e  exac t  boundary c o n d i t i o n s  (2), 

we s h a l l  r e p r e r e n t  fori:.ula (9) i n  ,he i o n i  : 

- , .  - .  r;YLere rl and r., a r e  ti:: 14Llgt;1s 0, zA-e - x s t  snd sccond  p o r t i o n s ;  

Vn and tbE arc t h e  r a d i c a l s  o f  Lhe ec-ua t ions  RIF =1 aiid R2F = 1. 

The z t r u c t u r e  o f  f o r m u l a  ( 1 2 )  is a c d o g u s  t o  that  o f  t h e  cor respon-  

d i n g  f o r w l a  i n  case o f  t e r r e s t r i a l  wave pr m g a t i o n  o v e r  a si3heri-  

c a l  piecewise-uni form l a y o u t  CS'I. iiorolula (12)  sa t isf ies  th ree  

t h r e s h o l d  t r a n s i t i o n s  : 

for vl 2 9  at k12 + kZ2 i s  passes t o  t h e  formula  f o r  a uni form yi 
from t h e  argument of  q, c r 2 .  

L 

a t  r1,2 -3 0 i t  passes t o  t h e  fo r r au la  

9 



To d e m o n s t r a t e  t h e s e  t r a n s i t i o n s  i t  i s  n c e s s a r y  t 

8. 

p a s s  aga in  

from a d u a l  sum t o  a double  i n t e g r a l .  S u b s e q u e n t l y ,  i f  f o r  example 

r2+ 0,  
1 - R2F = 1 - R1F + ( R 1  - R 2> F. 

c o n t o u r  encompassing t h e  r a i i c a l s  of t h e  e q u a t i o n  1 - R2F = 0 s o  

t h a t  i t  ei3brace t h e  o n l y  c o n p l e n e n t a r y  p o l e  J = p, one may o b t e i n  

t h a t  t h e  i n t c g r d .  a l o n g  p be 

i t  is n e c e s s a r y  t o  r e p r e s e n t  t h e  aenoxi inator  i n  t h e  form 

Then, deforming  t l i e  i n t e g r a t i o n  

: 

T a i n g  i n t o  account  noy, t h a t  ~ 1 %  1-.(2kl/vkn), - R ~ =  iy (&/vkw), 1 

we s h d . 1  o b t a i n  t h a t  t k i E  q u a t i t y  is  ec,u;l t o  Lie u n i t y .  I n  t h e  

case when k 

d u a l  sum. - ' .fter similar t r a n s  f o r n a t i o n s  w i t h  t h e  i n t c g r o l  a l o n g  

t h e  r c s u l t  o f  i n t e g r a t i o n  n i l 1  g i v e  : 

+ kZ2 , on ly  d.ia<:onal t e rms  s h a l l  remain i n  t h e  21 
, 

t h u s  also t h e  u n i t y .  !:his i s  p r e c i s e l y  t h e  manner i n  which i t  w a s  

t r z t e 2  zt L-La (1:) dc<.uct ion,  et ,,-,- u . ~ o n  i n e , : r a L i C 3  z?-ong r 

1' 
1 . .  t h e  upi2er 'oo-mckry S i v e s  a cor.:ponent , ~viiicn -;,ill be reCuce6. from 

It ~ h o u l d .  5 e  n o t e d  t h a t  at f o i m u l s  ( 1 2 )  de6.uction i t  n a s  assumed 

t h a t  t h e  o n l y  p a r t i c u l a r  p o i n t s  i n  t h e  i n  t h e  p1a.ne 05. i n t e g r a -  

t i o n  were t h e  p o l e s ,  e q u a l  t o  r a d i t a l s  o f  t h e  q u a t i o n  l = R l?. 
T h i s  i s  n o t  s o  i n  r e a l i t y ,  inasrnuch a s  i n  t h e  p l a n e  k, t h e r e  a.re 

b ranch in ,y  p o i n t s  o f  t h e  s u b - i n t e y r a l  expres .z ion.  The u n a c c o u n t i n g  

o f  t h i s  lzsds t o  t h e  consequence t ; ia . t  t h e  s o l i i t i o n  (12) d o e s  n o t  

i n c l u d e  l a t e r a l  !:raves, -Aiich w i l l  p ropagate  i n  1oYIer ~ : e $ 9 a  toward 

b o t h  s i d e s  o f  tlie boT.anC.ary of n o n u n i f o i w i t y .  I n  t l - ie  r e y i o n  t h e  

e f l e c t  o f  q u i c k y - d m F i n g  l a t e r a l  F ~ . V C S  rill be i m i g n i f i c a n t  . 

2 

* 

It may be shorn th;t i t  s h o u l d  n o t  be  d F i - - i c u l t  t o  o b t d n  

a f o r n u l a  s i x i l a r  t o  ( 1 2 )  by t h e  i n d u c t i o n  r,iethol. lor t h e  c a s e  of  

a l a y o u t  c o i x i s t i n g  o f  n u n i f o r n  s e c t i o n s .  iit T G ~ . .  .uia (I;!) deduc- 

t i o n  a:2--jroxizate e x n x s s l o n  for o( 
- 

n e r e  u s e d ,  nLich is n o t  coi;:,y&jory 

* s e e  ai;iendui;; 



~ 

s i n c e  t ' i e  p r e c i r i o n  o f  f o r m l a  (12)  m y  be  i n p r o v e d  by  i n t r o d u c i n g  

u n d e r  t h e  sum e x p r e s , i o n s  of t!le type 

The t r a n s i t i o n *  t o  a p  l roxir ia te  formulas  f o r  q neans  t h a t ,  b e s i d e s  

terms (al -ot2 ) , r e j e c t e d  are t e rm m o - o r t i o n d  t o  bcl and a2, 
Such a~2- r o x i r i a t i o n  i s  n a t u r a l ,  for i t  alna:qs t a k e s  p l a c e ,  uhenever  

R .  w 1 - (2ko/vkj).  T h e r e f o r e ,  f o r n u l a  (12 )  is v a l i d ,  \--hen i n  

a l l  t h e  e s s e n t i a l  i n t e g r a t i o n  r e g i o n  at t h e  l o n e r  boundary t h e  con- 

d i t i o n  (2), i n  which on ly  t h e  first addend iL r e t a i n e d  u n d e r  t h e  

r a d i c a l ,  i s  v a l i d  for t h e  q u a n t i t i e s  Y , yl, \ y 2 .  

v ( k 2 / k 2 ) - - v Z  ar.d F O  f o r .  

2 2 2 

J 

Zs t i rna t e  of C o r r e c t i o n s  l i n k e d  w i t h  t h e  

V a r i a t i o n  0 2  t h e  C e o m a t r i c a l  Form of  a P i e c e w i s e -  

Uniform Iiaveguide 
--- 

Formula (12) f o r  a p i e c e v i s e - u n i f o r m  wavegui?.e remains  

a l s o  v a l i d  i n  t h e  c m e  of  a s p h e r i c d  i;aveguiCe. It is  p o s s i b l e  

t P a t  i n  a uni form Fl : .her icd nzveguide ,  ju:;t as i n  a p l a n e  case ,  

it cia;- be r e p r e - e n t e d  i n  t h e  form of t!le sum oi normal n a v e s ,  whose 
eiL;e=T;zAues f:z\rc h ,,t.GLl . r . -  ' ' ~ o i ~ e c t e & * ' ;  I^OT s?-,hei*lcity. Lhe c o r r e c t i o n s  

Avn are co-puted  by a L a n s  o f  tle for._.ula 

where 

i s  t h e  e q u a t i o n  o f  p o l e s ,  a c c o u n t i n g  for t h e  s p h e r i c i t y ,  and a l s o  
a i s  t i le  r a d i u s  of  c a v e g u i d e ' s  l o c e r  bol indary ; F [ C ( l / a ) ,  l/a].= 0. 

If a is e - i d  t o  al and a2 i n  t h e  f i r s t  and s e c o n d  

s e c t i o n s ,  forLlKLa (12 )  is t r d n s f o r m e d  as fol lol- is  : I n s t e a d  0 2  

and r 
d i s t o r t e d  s u r f a c e ,  a n d  t h e  vr- lues  3, a n d p m  imst be c o r r e c t e d  f o r  

t h e  s g h e r i c i t y  a i t h  t h c  a i d  o f  f o r m l a  (1;). There  a v c a r s  ahead o f  

t h e  sum a f r , c t o r  ve/sin-O, \-,-:.ere 8 = (rl/al) + ( r z h z ) .  

rl * 
tlfe e x r o n e n t  i n d e x  must c o n t a i n  l e n g t h s  laersured d o n g  a 2' 

-- - 
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T h i s  result is  e a s i l y  o b t a i n a b l e  w i t L  t h e  & i d  o f  eciuat ions (l), ( Z ) ,  
s 5 , i l a r l y  t o  what was done for t h e  t e r r e s t r i a l  xave abou t  a s p h e r e  

[SI. 7he e f i e c t  o f  s l o 2 i n t .  unevennesses  o f  t'l.? vJavegui6e may be 

i n v e s t i g s t e d  t h e  salzle wzy as for t h e  t c r r e s t r i 2 1  r a v e .  It i s  t h e n  

n e c e s s a r y  t o  t a k e  i n t o  a c c o u n t  t h e  fa.ct t h a t  a r.Io;xi.n,.; unevenness  

i s  iri-aLiatec ' ,  by a f i e l d  v 5 t h  a v.avelen;l;th A =  h 1 - ~3"'~  I ( n a t u -  

r a l l y  i n  t h e  zone ,  n h e r e  o n l y  t k e  z e r o  11oL.e re i -z in;-  j .  ?he f o l l o w i n g  

s t e p  i n  t h e  a c c o u n t i n g  02 t h e  e f l ' e c t  o f  s1o:;ifig uneveniiess c o n s i s t s  

i n  e x p m d i n g  t h e  s c a t k c r e d  f i e l d  by e i g e n - f u n c t i o n  o f  t h e  v:aveguiiie 

s y s t e m ,  and i n  f i n d i n g  t h e r e b y  t h e  c o r r e c t i o n s  f o r  t l ic a m p l i t u d e s  

o f  normal waves. 

O f  

l--ore conplex  is t h e  matter o f  a c c o u n t i n g  t h e  e f f e c t  o f  

j u i q - l i k e  v a r i a t i o n  of  n a v e p i d e  s h e i g h t .  I n  t h a t  c a s e ,  t h e  i n t e -  

g r L t i o n  s u r f a c e  S i n  t h e  e q u a t i o n  (1) v:ilY c o n t a i n  a n  a,,lciitioiidl. 

zddend 

t h e  u i l i i o r m  s e c t o r s  are gr2a.t. I t  is t h e n  n e c e s e a r y  t o  form t h e  f i r s t  

t e r m  o f  t h e  i t e r a t i o n  s e r i e s .  C o n t r a r y  t a  for i :aa  (1), a coi2;leme:l- 

tary a l d e n d  -sill a1qea.r  i n  the e x p r e s s i o n  f o r  - i n t c ; ; r a  

S 2  , whose i n f l u e n c ' e  may bi. a t i m a t e d  i f  t h e  l e n g t h s  of  

h -7 -_ " L A t i c d  .. -~ section, i c L i  . *  ioi* n S i z d 1  Ah, is aiJoui ei-,iial to : 
U J  

o b t a i n  t h a t  
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I n  c a s e  of  g rea t  c i* iL , taces  from t h e  non-hocogenei ty  boundary 

t h i s  c o n d i t i o n  is s u i f i c i c n t  an< v a l i d .  

1- si:nilar e s i i n a t e  ncly be o b t r i n e d  by examinicg  t h e  f i e l d  

by t h e  j o i n i n g  mtthod El01 n e a r  the  jumF o f  viiave(;uide's h e i x h t ,  on 

vfiior:e a ~ _ 1  : a ~ s  

c o s r d n z t e s  t o  t h e  :Joint r = rH a:xi pass from c y l i n d r i c a l  t o  r e c -  

ta.qular coordincLte's .  Cn one s i d e  o i  the non-hol..ogeneity WA may be  

(dVi/an) = 0 .  L e t  us t r e n z & > o r t  t h 2  o r i r ; i n  o f  t h e  

I 
I 
I r e p r e r e n t e d  i n  t h e  form ( HI = a) : 

Conciikions 01 c o n t i n u i t y  of ly and o f  r i e r i v c t i v e s  av/dn have 
I 

t - ie  form : 

a>ialogus t o  'i' e i n e c - u a l i t y  (15), s i n c e  it fo1lor:s f r o n  i t  t h a t  

Ao -Bo a - b  Ah 
b -- Ao h e  

-=--- 

. . i t h i n  t l ic fra2ci:oi-B o f  thzt  scheme one d:ay also co,!pute 

t i l e  e f l e c t  oL n o m i d  v;;ves o f  hiGhcr  n u n b e r s .  '20 t h z t  e f f e c t  i t  i s  

n e c e s c a r y  t o  u t i l i z e  e x p z n s i o n s  by e i g e n - f u n c t i o n s ,  anti &so the 

co: idi t iDns of  c o n t i n u i t y  v h i c h  n i l 1  l r a d  t o  z.n i n i i n i t e  s-yzten of 

e q u a t i o n s  lor t.:e c o e f i ' i c i e i i t s  A i  : 



c 

I- 

#.. 

1 2 .  

where c - is  t h e  nave v e l o c i t y  ; 

a r e  t h e  s e r i e s  

VJ and J 

I n  o r c e r  t o  take i n t o  account  t h e  i n f i n i t y  o f  t h e  d i s t a n c e  

from t h e  s o u r c e  t o  t h e  limit of t h e  non-honoL;eneity,  i t  is  n e c e s s a r y  

t o  i n t r o i . u c e  undcr  t h e  signs 0 ;  t h e  sum o f  s e r i e s  Ti a n d  J t h e  re la-  

t i o n s  H::j (k,,rHvnB) / Hr)(korHvnB), aid a l s o  t o  conduct  c e r t a i n  o t h e r  trans- 
foi-: i&tions G.: i'oi'ixU7-as (17)and (18). For great  v d u e s  

t i o n  a;Jproaches t h e  u n i t y .  
r:I this rela- 

T I  . I-ising -~.syn;~to t i c s  z i x i l L r 1 y  t o  Coi-n'dG. (11 >, ont  may 01-tain 

t h e  c o r r e c t i o n s  t o  t h e  for inula  v i t h  an i n l i n i t e l y  r e n o t e  s o u r c e ,  

p r o p o r t i z n a l  t o  l / k o q ,  n ihe s y s t e m  (17) may be ! ' cu t f t  i f  o n l y  t h e  

fii-st rn n o r m 1  waves may p ropaga te  i n  t h e  cavegu ide .  T h e i r  a;l;Jlitu- 

des  a r e  t h e n  c a l c v l a t e d  approx ima te ly .  

The above-conducted e x a n i n a t i o n  sli0C.s t l a t  t h e  p r o c e s s  o f  wave 

p r o p a g a t i o n  i n  a non-uniform waveguide h a s  a g r e a t  Geal i n  coml.ion 

w i t h  t h e  p r o c e s s  0; t e r r e s t r i a l  nave p o p a y a t i o n  o v e r  t h e  s p h e r i c a l  

non-honogenous Y a r t h  . 
,-'he r e s s e a b l a n c e  c o n s i s t s  i n  t h e  a d G i t i v i t y  01 t h e  e f l "ec t  o f  

se12arate p o r t i o n s ,  p rovided  t h e y  a r e  s u i - i c i e n t l y '  g r e a t .  The a5Liti- 

v i t y  i ; r  t h e n  c h a r a c t e r i s t i c  a l s o  ol' a p l a n c  ., a v e z u i d e ,  T;:kich does 

n o t  take illace i n  t h e  c a s e  o f  a p i e c e n i s e - u n i f o r n  coui'se o f  t he  t e r -  

res  t r i g 1  x i v e .  



13. 

- - J h y s i c a l l y  t .is c i r c u n s t c a c e  i s  ex2 lz inLd  as T o l l o t i s  : It is 

c e l l  k n o - a  t h a t  i n  t h e  case  o f  a p lane  cour se  of  t;:e t c r r e s t r i a l  

vave , t:ie ixoi3agat ion p r o c e s s  h a s  a fundmenta l ly  s p a t i d  character. 

I n  c r s e  of  a s p h e r e  t h e  p a r t  o f  t h e  f i e l d ,  t h a t  d i f f : - - c t s  i n  t h e  

shcde  r e L i o n ,  s e e m  t o  be somehow s l i d i n g  along t h e  boundary of t h e  

d i v i s i o n ,  The u g i z r  boun ja ry  0 1  t h e  zaveguide  d o - s  n o t  a l l o y ;  t h e  pro- 

p a g a t i o n  p o c e s s  t o  t d r e  t h e  spitisl c h e r a c t e r  b 7he m v e z u i i e  l o c a l i -  

s e s  s t i l l  more i n t e n F i v e l y  tl?_e reZion  forming t h e  field at  t i le  obser -  

v a t i o i i  p o i n t  i n  t h e  v i c i n i t y  o f  t h e  1oi :er  boundary 0: t h e  d i v i s i o n :  

t h e  gre t ex'iLnt of  u n i f o r a  s e c t i o n s ,  inc l i s -  c n s a b l e  f o r  a d t i i t i v i t y ,  

i E  detErmincd i n  t h e  c a s e  oi a p l c n e  cevegu ide  by  i is  h e i g h t .  

The a u t h o r  i s  g r a t e f u l  t o  Ya. L, - ' J ' p e r t  Tor t h e  d i s c u s  - i o n  

o f  t h e  i - ecd - t s  of  tle p r e s e n t  i:ork. 

I Z M I R A TJ E n t e r e d  on 5 ;_)ecei.;Ser 1961 

Tramslztecl. by AEDR? L. BRICHANT 

for t h e  

NATIONAL AZRONAUTICS AND SPACE A D N I N I S T R A T I O N  

8 J u l y  1962 

-.-:e f c r e n c e s  , b /  b . 
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